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awn by Rae and Rao that certain geometric properties characterize the line 
tVi0 design with parameters b, v, P, k, 1, provider1 P- 2k + 1 < 0. If r = k + 1, 
and k > 2, a chotacterization of the line graph of a finite a,Tfine plane is obtained. If 
r-2k + I ” 0, the only possible value for k is 2 and consequently r = k+ 1 resulting in 
the case of the line graph of a finite affine plane. It is shown here that if f = k + 1 and 
e ;dre xactly seven o&r nondsom~rphiu graphs with those properties which 
e line graph of a finite affine plane and these are the only cubic graphs on 
twelve vertices With no quadrilaterals. 
arameters b, u, P, k, 1 consists of a set of II ele- 
Of b subsets calked blocks such that each block 
ernents, each element is contained in r 
e graph whose vertice!; are all 
28 
r,f the properties in [3] can be wea 
there are exactly seven ~~rn~is~~~~~~~ 
l3 are not the line gm 11 of a Gnite af 
seven non-isomorphic exceptional g
h of a fmite affine plane of order 2 are the onl 
h no quadrilaterals. 
rk a finite undirected graph without loops or 
and E(G) denote respectively, the vertex set and 
te by d(x. y), the distance between vertices .X 
of V(G) written deg(x) is the number of ver- 
egular if deg(s) is constant fur all xE V(G). 
vertices adjacent o both x and p. A claw 
consists of a vertex p, the vertex of the claw, and a non-empty 
ningp, s,uch that p is adjacent o every ver- 
2 adjacent. The order of the claw is 
theorem was given in [ 31. 
it‘ r rr2k_.. ence 
29 
Since b is an integer, (1.2) must be also an cnce the result. 
the following theorem 
was also gken independlently in [ 21. 
is the line griz h of a finite affitze plane of order 
wing conditions are satisfied, provided k > 2: 
&v of degree 2k - - 1, 
(x,_v)=k-Zor k- 1 $d(x,y)= 1, 
1(.x, y) = 1 ifd(x, v) = 2. 
to be conncrcted, then for nN k, (3) am be replaced by 
k---2 if d(x,y) = 1. 
of. The proof is as follows: ee (x, ::) E E(G). 
(x, y) 4 k - 1. 
2. Suppose (x, y ) E (x,y)=k- l+a,a>Q. 
es z adjacent o ut non-adjacent to y. 
of order 3 (see ), hence S is a clique an 
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c;lique of order 4 and consequently G becomes adisconnected graph. 
It 
In this case G has the following properties: 
(P, ) W(G)l = 12, 
(I$) G is connected and cubic, 
(I$ ) if J(x, .Y) = 1 s A(x, y) 2 0, 
(I$ ) if &s, _Y) = 2, A(x, f) = 1. 
msy be pointed out that if G is a graph satisfying properties (P3) ,and 
), G contains no yuadPilatera1. Also? the conditior k > 2 of Theorem 
3.3 can be replaced by the property that G has no claw of order 3. ‘Thus, 
ifk = 2, a graph G satisfying (I$ )-(I$) can have a claw of order 3. 
Let us call a vertex u a triangle-vertex if u E KS. Clearly u is a triangle- 
vertex if and only if it is not a vertex 05r a &w of order 3. It follows irn- 
ediately that: 
Thus. the post$bie types of such exceptional graphs would be given 
‘Iable 1. 
Table 1 
?n N 
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Fig. 1. 
egy for obtaining alk grayhs G containing triangles and which are not 
the line graph of the affine plane will be as follows: Consider G having 
Iyt tria.ngies, < n;s 9; 3. Contract each trkngle in G to obtain a graph 
C’ with 12 - 2m vertices. Then each graph G with PPZ triangles can be 
obtained by judiciously inserting m triangles into the graphs G’. The 
case ns = 0, i.e. with no triangles, is dealt with SC xrately. 
Let G’ denote the graph obtained from G by r<Jntracting the triangles 
of G; and let G” be (G’)‘. If G’ contains a subgraph, say H, let H” denote 
the graph whose edges belong to the set E of edges of G’ which are not 
in H, and the vertices of H’ are the vertices of 6’ which are incident 
to at least one of the edges in the set E. 
ocf. Contract the three triangles to obtain a cubic graph with six 
vertices. There are precisely two suc?t graphs f 1, ppendix I1 : namely 
KS 3 and graph H as shown in Fig. 1. Insertion o riangles at any three 
m&ally non-adjacent vertices of KS ,3 produces nique &raph G, 
with the desired properties and insertion of trian s at two adjacent 
vertices and at any other vertex prod,uces a unique graph G, non-iso- 
&ices of ;an alre:ady existing 
s is prodluced. ~1 the other case 
es of one of the existing triangles S 
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Fig. 2” 
Case 1. G’ has n triangdie. Cor::ract the ‘triangle to obtain a cubic 
” on 6 vertices. Then, as mentioned. in Lemlma 4.2., G" = X'~J 
" = H. Insertion of a triwngPe into either of thcx graphs prodL:ces 
h G’ with a trianlTje and a quadrilateral which are disjoint. Clearly 
on of two triangles in such a graph does not Jr*esult in a graph with 
triangks satisfying (P, I--(P, ). 
se 2. G’ ks no triQngkf. If G’ contains no triangles and no quad- 
~~aterals, then 6;’ must captain subgraph K as shown in Fig. 2. EM K 
f 0 vertices and G’ has only 8 so G’ must contain a quadrilateral 
’ must contain subgraph M of Fig. 2. 
. Since G’ has 12 edges and is cubic, ML’ has 4 edges and 
4 vertices and is regular of degree 2. Therefore M" is isomorphic to Cd. 
ence G’ must be isomorphic to either the cube G; or the “twisted 
nsertion of triangles at any two diametrically opposite vertices x
d _Y of G; and G; will produce unique non-isomorphic graphs G, and 
G, having properties (PI )c(P4 .$* Any other choice of x and y in either 
aph till resuft in a graph with a quadrilateral <see Fig. 3). 
. If m = I ) then there exists exactly one exceptional graph. 
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Fig. 4. 
Proof. If G has one triangle, then G’ has IQ vertices and no triangles. 
For, if G’ contained a triangle, insertion of a triangle at any vertex 
would produce d quadrilateral or two triangles. 
There are two possibilities. Either G’ contains a quadrilateral or it 
does not. 
Case 1. I[f C’ contains no quadrilateral, then G’ must contain the 
subgraph K, as given in Fig. 2, and hence must contain at least one 
pentagon. Thus G’ must contain the subgraph N of Fig. 4. 
Then N’ is regular of degree 2 and has 5 vertices and § edges and, 
therefore, N” is isomorphic to C, . Since G’ has no quadrilaterals, it 
must be the Peterson graph I? If a triangle is instzted at any vertex x 
of P, a graph C, with the desired properties is obtained. Clearly any 
other choice of x yields a graph isomorphic to CL; (see Fig. 4). 
Case 2. If C’ has a quadrilateral, then it contains the subgraph R 
which is formed by adding two isolated vertices x and y to the graph 
M of Fig. 2. 
Then R * must have 6 vertices and 7 edges. I?:‘” cannot have any trian- 
gle and any quadrilateral, because R contains a quadrilateral disjoint 
from R * in G’. As before, since only one triangle will be inserted, if G’ 
contains disjoint quadrilaterals, the resulting graph 
and (P4). If G’ contains a triangle, insertion of a tria e results either 
in a quadrilateral or 2 trian 
uces a quadr~atera~ in 
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Fig. 5. 
ikteral, hence no xi is adjacen:. to J’~ and 
r x3. u 1 cannot be adjxent 
nce u1 has to be adjacent 
en& u2 and y3. But in that t:ase we 
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= H, 
Fig. 6. 
graph Q* to create G. This can be done in two ways to produce the 
graphs of Fig. 5. 
l[n exh graph of Fig. 5, interchanging subscripts of the same letter 
produces a graph isomorphic to the original one as does any permuta- 
tion of the letters PI, b and c or any permutation of the letters .x and y. 
G, is not isomorphic to CT for in G, the vertices u3, us and uIo have 
the property that d(u3, u5) = d(u, , ulo) = d(uao, u3 ) = 3, while no three . 
vertices in G, have this property. 
Case 2. If d(x, v) = 2, then there is only one path of length 2 from 
x toy in Q’, say (x, z, JJ). If z and the edges adjacent o z are deleted 
from Q*, the remaining raph must be C7 so that Q* is of the form, 
and the vertices may be placed, as shown in Fig. 6. 
ith the numbering of vertices of H, as indicated, it is easy to check 
H, is isomorphic to G,. Any other valid placement of the vertices 
produces a graph isomorphic to the one in Fig. 6. 
Case 3. d(x, y) = 3. Then in Q there are three disj paths of length 
ement of the vertices of will produce 
ith the numb s of H, as in- 
dicated, it is easy to see that N2 is isomorp 
v?7 = HP 
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Fig. 8. 
the lemmas in Section iit follows that C’, , C,, 
aphs ij;;l tisfying properties 
f the finite affine plane. These seven graphs 
ph of the finite affine plane of order 2 
c graqhs an twelve vertices with no quad- 
ph Theory (Addison-Wesky, Reading, Mass., 1969). 
rizatian of the line graph of a finite affine plane, Noticec; 
o, A characterizaticm of the line graph of a BIBD with h = 1, San 
